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I. Personnel
The technical personnel currently being partially supported by
the research grant are as followg:
1, william G. Vogt, Principal Invesgigator - 1/2 time
2, Charles G. Krueger, Scientific Investigator - 1/4 time

3. Gabe R. Buis, Graduate Student - Full time

II. Research Accomplished
A. Bibliographical Survey,

A report [1] by Buis and Vogt, "The Stability Theory of Solutions
to partial Differential Equations: A Bibliographical Survey" has been
completed and copies have been forwarded to NASA Headquarters. The
main conclusion which can be drawn from the survey [1] is that the
stability theory of partial differential eqﬁations is, at best, just
getting started. The contributions in this area are not mathematically
rigorous and there is little or no justification for many of the results
claimed,

B, Trapslations

Two translations [2,3] of significance to this research were
completed by Buis as part of his Ph.D. reseérch and forwarded to NASA
Headquarters as reports.

C. Some Stability Problems in Hydrodyﬁamics s

Buis and Vogt have completed a report [4] on some stability
problems in hydrodynamics which has been forwarded to NASA Headquarters,

The report concerns the physical systems which can be represented by:



3 u(t,x)

—5 5t = Lu(,n (1)
where u(t,x) 1is an n-vector function and L is a matrix whose elements
are linear or nonlinear differential operatérs specified on a bounded
connected open subset of an m—dimensionalk Euclidean space, E". The
parameters of L can be space and time dependent. In order to uniquely
specify solutions to (1) a set of additional constraints or boundary

conditions must be given by
Hu(t,x") =0  x' 220 (2)

where H is a matrix whose elements are specified differential operators

and 3Q is the boundary of 2, § = Q + 3Q.
Any solution of (1) and (2) will depend on some initial function
_1_1'0(_}5) belonging to the n-dimensional space of functions g, which in

general will be a normed linear space. A solution starting at time tO

and initial condition Ho(gc_)ee will be indicated as u(t,x; _go(gt_),t ).
We will be interested in the stability properties of the equilibrium
2 u (t,x)
Zeq X
s t

i.e. u (t,x; Beq(z),to) = _g_eq(lc.) for all t > to.

solutiong, the solutions such that =0 forallt>t

0!
The stability of y_eq@_) is defined in terms of the norm, |||],
of the normed linear space Qby:
Definition, The equilibrium solution, Eeq(i)’ of (1) and (2) is said
to be stable in the sense of Lyapunov if for every real number e > O,
there exists a real number § > 0 such that for 30(5) e 6, || uy (@ - E_eq(x)‘l |<s

implies ||u(t,x; u, @, t,) = geq(5)||<e i for all t > t
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Definition., Eeq(é) of (1) and (2) is said to be asymptotically stable
if it is stable and in additiomn Hg(t,g_; 20(3{_),t0) - _geq(_:g) [l -0
as toe , :

The main problem becomes then: what aré the conditions on L for
the equilibrium solutions of (1) and (2) to“be (asymptotically) stable?
A principal factor 1is the selec.tion of the space 0, or rather, the
selection of the norm which makes an abstract set  elements into a
normed linear space, As distinct from Euclidean space, these norms
are no longer all equivalent,

In [4] the emphasis is on the Hilbert spaces vhere the norm is

defined by the inner produce <s,+>, Thus
[lul? = <u, w for ue 10,

The L considered in [4] were linear and slfradjoint, <L v, u> = <y, L w>

for u, ve 0, However rather than taking as inner product

<1’E->=£VTudQ

where T is the transpose, a more general inner product is introduced by

<v, w = [ ¥W(x, t) udo
Q

where W(x,t) is a weighting matrix with elements that can be chosen
as continuous functions in both x and t and continuously differentiable

in t such that

W) = H (x,t)



and B 121‘.‘.1. 2 B.Tﬂgs t)u > B ;)_E.T.‘l

v

© > Bl>‘ 82> 0 for all xe Q, te [to,m).
This choice of inner product enables us to expand the dass of operators
which are self-adjoint. However there are other practical implications
too, Among theses | |
1. Rathgr than calculating the eigenvalues of L it is often easier
to apply integral inequaiities. 'As such a considerable improvement
of the parameter range results by making L self-adjoint, i.e, intro-
ducing a general inner product where possible and applying these
inequalities,
2, As shown in [4] stability conditions can be obtained for the
equilbrium solutions of equations witﬁ nonlinear L by means of
imbedding in ©, By using the general inner product an increase
in maximally allowable perturbations can in many cases be achieved,
3. It is possible to eliminate the highest order odd derivative
in linear differential operators L which cannot be made self-
adjoint to improve the range of parameter values for which the

equilibrium solution is assured to be stable,

I1I. Research In Progress

From the relations discovered in‘[h], a natural extension leads
to the ‘consideration of semi groups of operators and their infinitessimal
generators defined in a Banach Space or Hilpert Space, Within this frame-
work it is possible to develop a stability theory for partial differential
equations which closely parallels that for ordinary differential equa-

tions.! A report is presently being prepared on this aspect of the theory.



IV. Furture Directions For Research

From the developments described in III above it appears possible
to extend the theory to nonlinear pargial differential equations
through the consideration of certain types of monotone operators in
Banach spaces, The properties of monotone Oper;tors are presently

being investigated,
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